By using KAM theory we investigate the stability of equilibrium points of the class of difference equations of the form
Introduction and preliminaries
By using KAM (Kolmogorov-Arnold-Mozer) theory we investigate the stability properties of solutions of the following class of second-order difference equations:
, n = 0, 1, . . . ,
where f is sufficiently smooth, f : (0, +∞) → (0, +∞), and the initial conditions are x -1 , x 0 ∈ (0, +∞). Equation (1) is considered in the book [18] where f : (0, +∞) → (0, +∞) and the initial conditions are x -1 , x 0 ∈ (0, +∞). In particular, several open problems and conjectures concerning the possible choice of the function f , for which the difference equation (1) is globally periodic, are listed. In [25] the answers to some open problems and conjectures listed in the book [18] are given. Precisely, for the cases p ≤ 5, necessary and sufficient conditions on f for all solutions to be periodic with period p are found.
The well-known difference equation of the form (1) is Lyness' equation
Several authors have studied the Lyness equation (2) and have obtained numerous results concerning the stability of equilibrium, non-existence of solutions that converge to the equilibrium point, the existence of invariants, etc.; see [2, 14, 15, 17, 19, 35] . See [16] for the application of the KAM theory to Lyness equation (2) . See also [3, 4, 6] for the results on the feasible periods for solutions of (2) and the existence of non-periodic solutions of (2) . See [20, 21] for the results on the stability of Lyness equation (2) with period two and period three coefficients. These proofs were based on the construction of the corresponding Lyapunov functions associated with the invariants of the equation. See also [21] for the results on the stability of Lyness equation with period two coefficient by using KAM theory. In [1, 7] authors consider the rational second-order difference equation
, n = 0, 1, 2, . . . ,
as a special case of the rational difference equation
x n+1 = α + βx n x n-1 + γ x n-1 A + Bx n x n-1 + Cx n-1 , n = 0, 1, 2, . . . ,
with nonnegative parameters and with arbitrary nonnegative initial conditions such that the denominator is always positive. Equation (3) is of the form (1). Equation (3) possesses the following invariant:
See [1] . Equation (3) has a unique positive equilibrium point, and the characteristic equation of the linearized equation of (3) about the equilibrium point has two complex conjugate roots on |λ| = 1. Several conjectures and open problems concerning the stability of the equilibrium point as well as the periodicity of solutions are listed, see [1] . For a more general case of Equation (3), see [10] .
The following equation, which is of the form (1):
where α is a parameter, is known as May's host parasitoid equation, see [22] . In [22] the authors investigated the corresponding map known as May's map. More precisely, they investigated the following system of rational difference equations:
where α and β are positive numbers and initial conditions u 0 and v 0 are arbitrary positive numbers. When α ∈ (1, +∞) and β ∈ (0, ∞) this system is a special case of May's host parasitoid model. The change of variables x n = βu n and y n = βv n reduces System (5) to
By eliminating x n from the right-hand side, System (6) reduces to Equation (4) . In [23, 24, 33] it was asserted that the positive equilibrium ( (5) is not asymptotically stable. In [22] it was proved that this is the case, and then, by employing KAM theory, the authors showed that the positive equilibrium of System (5) is stable. See [30] for results on periodic solutions.
In [12] authors analyzed a certain class of difference equations governed by two parameters
where k, p, and a are positive and the initial conditions x 0 , x 1 are positive. They fixed the value of a as a = (2 k-p-2 -1)/2 k and gave an essentially complete description of the global behavior of solutions in the first quadrant. They showed how Equation (7) leads to diffeomorphism F and showed that, for certain parameter value, all such F share four key properties. One of these is that F has precisely two fixed points. Then they showed that an "upper" fixed point is hyperbolic, and they showed by using KAM theory that, by further restricting k and l, the origin becomes a neutrally stable elliptic point. Also, they showed that outside a compact neighborhood of the origin containing the two fixed points, all points tend to infinity at an exponential rate under the iterates of F and F -1 and two branches of the eigenmanifolds of the hyperbolic point intersect at a homoclinic point. Notice that Equation (7) has the form (1).
In [28] authors considered the following difference equation:
where the parameters A, B, a and the initial conditions x -1 , x 0 are positive numbers. They employed KAM theory to investigate stability property of the positive elliptic equilibrium. Equation (8) is a special case of the following equation:
See [19] . See [13] for the equation
, n = 0, 1, . . . .
In [8] authors considered the following difference equation:
They employed KAM theory to investigate stability property of the positive elliptic equilibrium.
Notice that all of these equations are of the form (1) . By using the methods of algebraic and projective geometry in [4, 5] , the authors studied algebraic generalization of Lyness difference equation. More precisely, they analyzed global behavior of the following difference equations:
c + u n+1 and
.
They obtained very precise description of complicated global behavior which includes finding the possible periods of all solutions, proving the existence of chaotic solutions through conjugation of maps, and so forth. These methods were first used by Zeeman in [35] for the study of Lyness equation. Notice that each of these equations has the form (1) . Motivated by all these results, we consider any real function f of one real variable which is sufficiently smooth and f : (0, +∞) → (0, +∞), and then we consider Equation (1). In Sect. 2 we show how (1) leads to diffeomorphisms T and F. We prove some properties of the map T, and we establish the condition under which a fixed point (x,x) of the map T, in (u, v) coordinates (0, 0), is an elliptic fixed point, wherex is an equilibrium point of Equation (1). In Sect. 3 we compute the first twist coefficient α 1 , and we establish when an elliptic fixed point of the map T is non-resonant and non-degenerate. In Sect. 4 we apply our results to several difference equations of the form (1), and we visualize the behavior of solutions for some values of the corresponding parameters.
Logarithmic coordinate change and area-preserving property
We may write Equation (1) as a map T : (0, +∞) 2 → (0, +∞) 2 by setting
The fixed point (ū,v) of the map T satisfies the following:
which implies
Note thatū =v =x, wherex is the equilibrium point of Equation (1). We will assume that all maps are sufficiently smooth to justify subsequent calculations. The map T itself must be diffeomorphism of (0, +∞) 2 , and therefore we assume that this is the case. The inverse of T is given by
The planar map F is area-preserving or conservative if the map F preserves area of the planar region under the forward iterate of the map, see [11, 19, 32] . A differentiable map F is area-preserving if and only if the absolute value of determinant of the Jacobian matrix of the map F is equal to 1, that is, | det J F (x, y)| = 1 at every point (x, y) of the domain of F, see [11, 32] . We claim that map (9) is exponentially equivalent to an area-preserving map, see [16] . Let
and if we set
, where • denotes composition of functions, then we obtain a new mapping F, which is given by
The map F is defined on all of R 2 . In fact, since T was a diffeomorphism of the open first
In the study of area-preserving maps, symmetries play an important role since they yield special dynamic behavior. A transformation R of the plane is said to be a time reversal Similar to the proof of Theorem 2.1 in [12] , we prove some properties of the map F in the following lemma. Proof Assertion (a) is immediate. The Jacobian matrix of the map F is
and so det J F (u, v) = 1. To explain (c), let R(x, y) = (y, x) which is reflection about the diagonal. An easy calculation shows that R 2 = id, and the map F will satisfy
For the final assertion (d), it is easier to work with the original form of our function T.
A fixed point (x,x) is an elliptic point of an area-preserving map if the eigenvalues of J T (x,ȳ) form a purely imaginary, complex conjugate pair λ,λ, see [11, 19] . The following lemma holds. 
Lemma 2
We obtain that the eigenvalues of J T (x,x) are λ,λ where
Since |λ| = 1, we have that (x,x) is an elliptic fixed point if and only if |f (x)| < 2x. Under the logarithmic coordinate change (x, y) → (u, v) the fixed point (x,x) becomes (0, 0).
The KAM theory and Birkhoff normal form
The stability of an elliptic fixed point of nonlinear area-preserving map cannot be determined solely from linearization, and the effects of the nonlinear terms in local dynamics must be accounted for. This task is facilitated by simplifying the nonlinear terms through appropriate coordinate transformations into Birkhoff normal form. Consider a smooth, area-preserving map (u, v) → F(u, v) of the plane that has (0, 0) as an elliptic fixed point, and let λ be an eigenvalue of J F (0, 0). By putting the linear part of such a map into Jordan canonical form, by making an appropriate change of variables, we can represent the map in the form
By using complex coordinates z,z =ũ ± iṽ map (11) leads to the complex form
Assume that the eigenvalue λ of the elliptic fixed point satisfies the non-resonance condition λ k = 1 for k = 1, . . . , q, for some q ≥ 4. By Lemma 15.37 [11] there exist new canonical complex coordinates (ζ ,ζ ) relative to which mapping (12) takes the normal form (Birkhoff normal form)
in a neighborhood of the elliptic fixed point, where
] -1, and g vanishes with its derivatives up to order q -1 at ζ =ζ = 0. The square brackets denote the largest integer in q/2. The numbers α 1 , . . . , α s are called twist coefficients.
Consider an invariant annulus a < |ζ | < b in a neighborhood of an elliptic fixed point (0, 0). It is easy to see that the normal form approximation ζ → λζ e iα(ζζ ) leaves invariant all circles |ζ | = const. This map is called a twist mapping. It is easy to describe the dynamics of the twist map: the orbits are simple rotations on these circles. Also note that if at least one of the twist coefficients α j is nonzero, then the angle of rotation is not constant. Applying KAM-theory (Moser's twist map theorem [9, 27, 29, 31] ) it follows that if a system is close enough to a twist mapping with rotation angle varying with the radius, then still infinitely many of the invariant circles survive the perturbation. By [29] , p. 245, the rotation angles of these circles are only badly approximable by rational numbers. According to KAMtheory there exist states close enough to the fixed point, which are enclosed by an invariant curve. Within these gaps, one finds, in general, orbits of hyperbolic and elliptic periodic points. These facts cannot be deduced from computer pictures. By continuity arguments the interior of such a closed invariant curve will then map onto itself. The same is true for a state within an annulus enclosed between two such curves. The KAM theorem requires that the elliptic fixed point be non-resonant and nondegenerate. Note that, for q = 4, the non-resonance condition λ k = 1 requires that λ = ±1
or ±i. The above normal form yields the approximation
with c 1 = iλα 1 In the sequel we set
We prove the following theorem.
Theorem 2 Assume that |f (x)| < 2x, wherex is an equilibrium point of Equation (1). The elliptic fixed point (0, 0) of the map F, in the (u, v) coordinates, is always non-degenerate. It is non-resonant if and only if
Proof To compute the first twist coefficient α 1 , we follow the procedure in [9] . Let F be the function defined by
The Jacobian matrix of F at (u, v) is given by (10) . At (0, 0), J F (u, v) has the form
The eigenvalues of (14) are λ andλ where
2x .
It is easy to see that
2x 2 -1,
2x ,
from which it follows that λ k = 1 for k = 1, 2, 3, 4.
Then we have that
where
By using eigenvectors
and the associated matrix
with determinant 1, we change coordinates
and bring the linear part into Jordan normal form.
The system in the new coordinates becomes
One can now pass to the complex coordinates z,z =ũ ± iṽ to obtain the complex form of the system
A tedious symbolic computation done with package Mathematica yields
The above normal form yields the approximation
with c 1 = iλα 1 and α 1 being the first twist coefficient. The coefficient c 1 can be computed directly using the formula
derived by Wan in the context of Hopf bifurcation theory [34] . In [26] it is shown that when one uses area-preserving coordinate changes Wan's formula yields the twist coefficient α 1 that is used to verify the non-degeneracy condition necessary to apply the KAM theorem. By using
a straightforward calculation yields
, where
It can be proved that
which implies that α 1 = 0 if (13) holds.
Since map (9) is exponentially equivalent to an area-preserving map F, an immediate consequence of Theorems 1 and 2 is the following result.
Theorem 3 Letx > 0 be the equilibrium point of (1) such that |f (x)| < 2x. If (13) holds, then there exist periodic points of T with arbitrarily large period in every neighborhood of (x,x). In addition,x is a stable equilibrium point of (1).
Examples
In this section, we apply Theorem 3 to several difference equations of the form (1) that have been listed in Sect. 1.
Example 1:
The equation
where k, p, a and the initial conditions x 0 , x 1 are positive, is analyzed in [12] with fixed the value of a as a = (2 k-p-2 -1)/2 k , where k > p + 2 and p ≥ 1. Now, we assume that a is any positive real number. The equilibrium point of Equation (16) Since
and
we have that ifx > 0 then |f (x)| < 2x if and only if
Hence,x is an elliptic point if and only if condition (17) is satisfied. A tedious symbolic computation done with package Mathematica yields
Therefore we have the following statement.
Theorem 4
Assume that k, p, and a are positive and the initial conditions x 0 , x 1 are positive. Letx > 0 be an equilibrium point of (16) and T be the map associated with Equation (16) . Then (x,x) is an elliptic fixed point of T if and only if
Further, if
then there exist periodic points of the map T with arbitrarily large period in every neighborhood of (x,x). In addition,x is a stable equilibrium point of (16) . Figure 1 shows phase portraits of the orbits of the map T associated with Equation (16) for some values of the parameters p, k, and a. Neither of these two plots shows any selfsimilarity character.
Example 2:
where A, B, C, D, and E are nonnegative and the initial conditions x 0 , x 1 are positive, is analyzed by using the methods of algebraic and projective geometry in [4, 5] where C = D and E = 1 and by using KAM theory in [8] where C = D = 1 and A, B, E > 0. Now, we assume that
The equilibrium point of Equation (18) satisfies
By using Descartes' rule of sign, we obtain that this equation has one positive root. Therefore, Equation (18) y n conjugates Equation (18) to
where the parameters a, b, and c are In [4, 5] the authors analyzed the equation
where a, b, and c are nonnegative and the initial conditions x 0 , x 1 are positive, by using the methods of algebraic and projective geometry where c = 1. It is easy to see that Equation (20) and T be the map associated with Equation (20) . Then (x,x) is an elliptic fixed point of T and, if α 1 = 0, there exist periodic points with arbitrarily large period in every neighborhood of (x,x). In addition,x is a stable equilibrium point of (20) . 
Conclusion
In this paper, we investigated the stability of a class of difference equations of the form
, n = 0, 1, . . . . We assume that the function f is sufficiently smooth and the initial conditions are arbitrary positive real numbers. It is enough to assume that the function f is in C (3) (0, +∞). We show how the map T associated with this difference equation leads to diffeomorphism F. We prove some properties of the map F, and we establish the condition under which an equilibrium point (0, 0) in u, v coordinates is an elliptic fixed point. Also, we compute the first twist coefficient. The condition for an elliptic fixed point to be nondegenerate and non-resonant is established in closed form. This condition depends only on the values of the first, second, and third derivatives of the function f at the equilibrium point. We apply our result to several difference equations that have been investigated by others. By numerical computations, we confirm our analytic results.
